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Abstract 

We argue that one can relax the requirements of the non-associative three- 
algebras recently used in constructing D = 3 A/" = 8 superconfornial field theo- 
ries, and introduce the notion of "relaxed three-algebras" . We present a specific 
realization of the relaxed three-algebras in terms of classical Lie algebras with 
a matrix representation, endowed with a non-associative four-bracket structure 
which is prescribed to replace the three-brackets of the three- algebras. We show 
that both the so(4)-based solutions as well as the cases with non-positive definite 
metric find a uniform description in our setting. We discuss the implications of 
our four-bracket representation for the D = 3, A/" = 8 and multi M2-brane theory 
and show that our setup can shed light on the problem of negative kinetic energy 
degrees of freedom of the Lorentzian case. 
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1 Introduction 

Until recently finding an action for the maximally supersymmetric three-dimensional con- 
formal (gauge) field theory had remained elusive [Il[2l[3lll] (e.g. see [5] for a short review). 
The D = 3, f/ = 8 superconformal field theory (SOFT) is expected to arise from the 
"low energy" effective action describing many M2-branes on eleven dimensional Minkowski 
spacetime. Hence its formulation is closely linked with finding the theory describing N 
eleven-dimensional membranes. Furthermore, via the AdS/CFT correspondence |6], this 
SOFT is dual to M-theory on AdS^ x S"^, the background which is obtained from the geom- 
etry corresponding to coincident parallel M2-branes in the near-horizon (decoupling) limit 

i- 

The D = 3, A/" = 8 SOFT action is invariant under the three-dimensional superconfor- 
mal group Osp{8\A), with bosonic generators belonging to so{8) x usp{4) ~ so{8) x so{3, 2). 
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Moreover, the action for a single M2-brane enjoys invariance under the area preserving dif- 
feomorphisms (APD's) on the 2+1 dimensional world-volume as its local (gauge) symmetry 
e.g. [3 El E]. Thus the multi membrane action is expected to have a gauge symmetry which 
somehow manifests this local gauge invariance. The mathematical (algebraic) structure 
which encodes three-dimensional APD's is the Nambu three-bracket [9], [101 [H] . Therefore, 
finding an action for the D = 3, A/" = 8 SOFT is ultimately related to quantization of Nambu 
three-brackets. 

It has been argued that although classical Nambu p-brackets {p > 3) enjoy associativity 
(e.g. see Appendix B of [12]) the "quantized" Nambu j9-brackets cannot be associative 
[8]. For the case of three-brackets, as was proposed originally by Nambu [lOj, one may 
use the associator of a non- associative algebra as the quantum version of the three-bracket. 
In fact this idea was put at work by Bagger and Lambert to construct the action for the 
D = 3, A/" = 8 SCFT, the BL theory pj, |^, where this non-associative algebra with its 
three element structure (the associator) was called the three- algebra. A three-algebra no-go 
theorem was argued for in p!4] and then proved in [15j. This no-go theorem states that 
the only three-algebra which has a positive definite norm is either so(4) or direct sums of 
a number of so(4)'s. In order to describe N M2-brane theory (for a generic N), similarly 
to A^ Dp-brane cases, one would like to be able to write the BL theory with more general 
algebras whose rank (or dimension) are related to the number of M2-branes and hence bypass 
this no-go theorem. This theorem can, however, be circumvented by considering algebras of 
non-positive norm fiQ[ ITTl [18] . 

In this paper we use another prescription for quantizing the Nambu three-bracket. This 
prescription was used in [I2] to quantize type IIB D3-branes to obtain a matrix theory 
description for the DLCQ of IIB string theory on the AdSr, x S^ or the plane-wave. In 
this approach we replace the classical Nambu three-brackets with the "quantum" Nambu 
four-brackets which involve usual matrices. Although the structure of the quantized Nambu 
four-bracket we obtain is non-associative |T2] the underlying algebra, which is nothing but 
the usual matrix multiplication algebra, is associative. In particular we use 2A^ x 2 A^ matrices 
to describe the D = 3, A/" = 8 SCFT corresponding to the low energy limit of A^ M2-branes. 

Our prescription requires an extension or relaxation of the notion of three algebras giving 
rise to multi M2-brane theories, which will be called relaxed three-algebras. Recently modifi- 
cations on the mathematical conditions defining a three-algebra have been considered. These 
"generalized" three-algebras are obtained by relaxing the antisymmetry of the three-bracket 
and metricity of the algebra [I3]. Here, instead of focusing on the antisymmetry or metricity 
of these algebras, we will relax the closure and the fundamental identity conditions in a way 
to be described below. In our representation for the relaxed three-algebras we show that 



only the two Euclidean and Lorentzian cases are possible, compatible with results of [15] 
and [19]. Moreover, we show that for the Lorentzian case the su{N) algebras in A^ x A^ 
representation are relevant to the theory of A^ M2-branes. More importantly we show that 
there is nothing inherently "Lorentzian" in the underlying su{2N) algebra over which the 
four-bracket structure is defined. 

This paper is organized as follows. In section 2, we give a brief review of the BL theory 
and its supersymmetry and gauge transformations. In section 3, we present the notion of 
relaxed three-algebras. In section 4, we derive matrix representations for the relaxed three- 
algebras. This is done through the "four-brackets" which replace the three-brackets of the 
BL three- algebras. We check these representations satisfy the necessary (relaxed) closure 
and fundamental identity conditions. In section 5, we discuss the implications of our relaxed 
three-algebra realizations for the multi M2-brane BL theory. We argue that our prescription, 
supplemented by arguments of [201 [21], resolves the problem of ghost-type degrees of freedom 
appearing in the ordinary treatment of the Lorentzian case (see [22j for other ways to resolve 
the ghost problem). We check that this theory has the necessary properties expected from 
a D = 3, A/" = 8 SCFT and multi M2-brane action by examining its behaviour under 
worldvolume parity and spectrum of its 1/2 BPS states. The last section is devoted to 
concluding remarks and open questions. 

2 Review of the BLG theory 

In this section to fix the conventions and notations we briefly review the BLG theory by first 
defining the three-algebras ^3 and their algebraic structure and then presenting the BLG 
proposed action for the D = 3, A/" = 8 superconformal field theory. 

2.1 The BLG three-algebras 

The three-algebra ^3 is an algebraic structure defined through the three-bracket [ , , | 

[$1, $2, $3| G ^3, for any $, G ^3, (2.1) 

where 

[$1, $2, $3| = - [$2, $1, $3| = - [$1, $3, $2! (2.2) 

The three-bracket, which is a "quantized" Nambu three-bracket [TD] is indeed an associator 
and ^3 is a non-associative algebra. The three-bracket should satisfy an analog of the Jacobi 
identity, the fundamental identity [TT] : 



(2.3) 

$„%, ^<l>fc,<l>,,<l>„||. 
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As we can see )Cijkim is anti-symmetric under exchange of the first two as well as the last 
three indices. We equip this algebra with a product • and a Trace 

Tr($i«<l>2) = Tr(<l>2«$i) G C (2.4) 

satisfying a "by-part integration" property 

Tri^i . [$2, $3, $4| ) = -Tr{ [$1, $2, $3! • $4). (2.5) 

For the usage in physical theories, noting that $j's are complex valued, it is needed to 
define the Hermitian conjugation over the algebra. In particular if we choose to work with 
Hermitian algebras, i.e. 

$t = (^^ v$ G ^3, 

then the closure condition (12.11) is satisfied with the following definition for complex conju- 
gation of the three-bracket: 

[<i>i,<i>2,$3f = [$i,$L$a . (2.6) 

If we expand ^3 elements in terms of the complete basis T" 

then (12.11) implies that 

lT'',T\r}= r'^^'^T'^ (2.7) 

and 

defines the metric h"'^ on ^3. Mathematically, the metric h""^ can have arbitrary signa- 
ture, though physically, non-positively defined signatures could give rise to ghost degrees of 
freedom. We will always take h"'^ to be non-degenerate and invertible. Noting ( 12. Sp . 

rabcd -- rabc i^ed 

is totally anti-symmetric four-index structure constant. The fundamental identity in terms 
of the structure constant / is written as 

rabc rdel _, rabd reel , rabe redl rede rabl fn q\ 

•f I J vn t/ [J Tfi J I J 'fTi t/ [J 'in ' \ ' J 

This equation does not have any solution other than f"-^'^'^ = e"''"^'^ or four tensors made out 
of e"''^'^'^, if h"-^ is positive definite and hence ^3 is either so(4) or combinations involving the 
direct sums of so(4) [15]. 



To find three-algebras other than so(4) one is hence forced to relax the positive definite 
condition on hat [13 [T7]. Explicitly if we choose a = (+, — , a) and 



'a/? 



6al3, h^a = h^a = 0, /l++ = h = 0, /?,+_ = /l_+ = —1 (2.10) 



then /"'"^ ^ with non-zero components 

/.a/37 ;^ Y'a/37 raf3+ __ ea+fS __ ra+fi __ MCifips. (') ^^\ 

is a solution to the fundamental identity (12.91) . provided that fap^ are satisfying the usual 
Jacobi identity for associative algebras [T7] . 

Finally we point out that if T"'s are all Hermitian then with (12.61) the structure constant 
fabcd should be real valued, that is fl^^^ = fated- 

2.2 The BLG action 

The on-shell matter content of the D = 3, Af = 8 hypermultiplet involves eight three- 
dimensional scalars X^ , / = 1, 2, ■ ■ ■ , 8 in the 8^ of the S0{8) R-symmetry group, eight 
two component three-dimensional fermions \1' in the 8^ of SO (8) (we have suppressed both 
the 3d and the R-symmetry fermionic indices). Each of the above physical fields which will 
generically be denoted by $ are also assumed to be elements of the three-algebra and hence 



a-' 



The action of the BLG [iH Ej [3] theory is given by 



S= I d'aTri - ^D.X'D^X' - ^ {X' , X^, X^| {X' , X', X^ 



(2.12) 



where htwisted chem-simons is a parity invariant Chern-Simons action 

^twisted Chern— Simons ^ 77^ I / ^i abOj^k cd ~r —J J i^i ab-^j de^k eg I • l^'-'-'^j 

Indices i = 0, 1,2 denote the three-dimensional directions and the covariant derivatives are 
defined as 

(A$)a = d^^a - r'\ A, ed$fe (2.14) 

where Ai ab is the non-propagating three dimensional, two-index gauge field. For later use it 
is useful to introduce another gauge field 

A,\ = r'\A,,,. (2.15) 



(2.16) 



The above action is invariant under the local gauge symmetry: 

Sgauge^a = f a^cd^b, 
(jgauge-^i cd (^i-^^-cd / [c-^'-dje-^i ab 

as well as the global supersymmetry transformations 

Ss^,y^ = D.X^T'Ye - i[X^X^XTr"^6 (2.17) 

It has also been shown that [14j besides the 2 + 1 dimensional super-Poincare symmetry 
the above action, at least at classical level, is invariant under the full three-dimensional 
superconformal algebra. 

The equations of motion of the above action are 

fA^ + V^[x^x-^,^| =0 

/}2^^_1^^^|^,X'',^|+-[X^,X^[X^X^,X^| =0 (2.18) 



where 



J^ij a — (^i^j a ~ (Jj^i a ~ ^i c^i a + ^i c^i 



In the BL theory, for both the Lorentzian and Euclidean realizations of the three-algebras, 
the basis T" and hence all the components of the X field Xa are both taken to be Hermitian. 
It is also worth noting that with this requirement and the Hermiticity property (12.61) the 
potential terms in the Hamiltonian of the BL theory in both Lorentzian and Euclidean cases 
are positive definite. 

3 The Relaxed Three- Algebras 

The construction of BLG three-algebras with the definition and properties outlined in section 
12.11 has proven very restrictive. In this section we revisit the BL analysis with the idea that 
we may be able to relax some of the conditions on the BL three-algebras while keeping the 
physical outcomes intact. As we will show this is indeed possible. 



As discussed in section 12.11 three- algebras of interest are defined by five conditions: a 
totally anti-symmetric three-bracket, existence of non-degenerate metric, the closure of the 
three-algebra under the three-bracket, the fundamental identity and the trace property (12.51) . 



The antisymmetry, closure and fundamental identity are conveniently expressed in terms of 
a basis T"" and the structure constants /"^^^ as in (12. 7p and (12.91) . 

Let us relax the closure and fundamental identities, while keeping the antisymmetry and 
the trace property, by enlarging the set of T'^'s through the addition of extra generators T'^'s 
satisfying the properties: 
i) T^ is orthogonal to every other generator, i.e. 

TriT^T^) = 0, TriT'^T^) = . (3.1) 

a) T^ in the brackets: 

[T^ T^ T"| = r'^'dT'^ + k^^^AT^. (3.2a) 

lT\T\T'^\ = r'^BT"", [^^T^,T^| = r'^'^cT^, [T^,T^,T^| = /^^^^T^, (3.2b) 

where /"'"^d are still satisfying the standard fundamental identity ( 12. 9p and any other addi- 
tional four-index structure constant, i.e. f^^^A V x, y, z, is yet unknown. Notice that the 
form of [T^T^T^|, [ T^T^,T^| and [T^,T^,T^| is fixed by demanding the consis- 
tency of these brackets with the "by-part" property (12. 5p . In this sense (13.21) is a consequence 
of (13.11) and not an independent assumption. 

If k°-'^'^A are zero, we can just simply ignore the existence of the T"^'s and we are back to 
the BL three-algebra ^3. However, with non-zero k°'^'^A, the algebra of T^'s does not close. 
It is evident that even if we ignore the non-closure of the three-algebra based on T"'s the 
fundamental identity for the extended algebra does not hold. Nonetheless, we can still have 
a generalized or relaxed notion of closure. If we denote the part of the algebra spanned by 
T"'s by K. and the part spanned by T^'s by ICs, (13.21) can be rewritten as 

[$i, $2, $3! G /C © ICs, y<^^elC, (3.3a) 

[$i, $2, x} , [$, Xi, X2I , [xi, X2, Xs} elCs V $, G /C, x^ e ICs . (3.3b) 

Therefore, with the above it is immediate to see that if we shift an element of /C by an 
arbitrary element in ICs, the part of the resulting bracket which resides in /C does not 
change. In this sense (13. 3 p defines the notion of relaxed closure over /C. 

It will be convenient to introduce the notion of "physical" part of a given three-bracket. 
Let Tj be a general element in /C © ICs- It can then be decomposed into its physical part 
$j (which is in /C) and its spurious part Xi (which is in ICs)- In other words, 

(T,)^;,,, = $, = habT'^ Tr(T^T,), VT, G /C © /C5 , (3.4) 

where hab is the inverse of the metric /i°* = Tr{T°'T^)- It is also useful to note that 

Tr{^x) = , V$ G /C, X e /C5 , (3.5) 



and, 

(Pl.Tr2,T3|)^,^, = ([$1,$2,$3|),,,, = r^ ^la^AcT' . (3.6) 

In terms of the physical part of a bracket, the relaxed closure condition is nothing but the 
closure for the physical part of the brackets. 

In the same spirit as above one may define a notion of relaxed fundamental identity, by 
demanding the fundamental identity (12. 3p to hold for the physical part of the three brackets. 
Explicitly, 

[[[[Tj, Tj, i mjp^y^, T A;, i /|^^^^ = [[Tj, Tj, [Tfc, Ti, iml^^j^Jp^^^. 

In terms of the structure constants /, this is equivalent to requiring f'^'^'^d to satisfy (12. 9p . 

With above notion of the relaxed closure and fundamental identity, together with the 
orthogonality properties (13. ip . we define a relaxed-three- algebra (TZAs). Any given 7IA3 has 
a physical part K. and an spurious part /C5. 

Let us now rewrite the BLG theory with the above relaxed-three-algehra by adding T^ 
components to the physical fields, i.e. we take the fields to be 

T = <^aT'' + XaT^ , (3.8) 

and let the gauge fields to also have Ai aA components. With the trace conditions (13. ip it is 
readily seen that the xa components of the fields do not appear in the action at all. This is 
very similar to the notion of physical and spurious states in a 2d CFT e.g. see p3]. Since 
the action does not involve the spurious fields the equations of motion for the physical fields 
will not change compared to the ordinary BL case. 

One can also check the supersymmetry and the gauge symmetry invariance of the action 
within the relaxed-three-algebra. The only part which should be checked is where the funda- 
mental identity is used. As discussed in [2] the fundamental identity is needed for the closure 
of supersymmetry when two successive supersymmetry transformations on the gauge field is 
considered. One can, however, see that with the structure of the three-brackets introduced 
in (13. 2p . the part in equation (35) of [2] does not harm the closure of the supersymmetry 
algebra as long as f'^^^d are still satisfying the fundamental identity (12. 9p . 

In the next section we will give a construction based on usual matrices which realizes 
this relaxed-three-algebras IZA^,. 

4 Matrix representation for the relaxed-three-algebras 

There are many three-algebras, already among the ones having a bi-invariant metric with 
Euclidean and Lorentzian signatures, and one may wonder whether by introducing some 
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additional structure in the theory reviewed above, one may get stronger constraints on the 
classical Lie algebras underlying them. Inspired by the ideas of [12] regarding quantization of 
Nambu three-brackets using four-brackets, we propose to realize the three-bracket in terms 
of a four- bracket: u 

[A5,C| = [i,5,C,T-] (4.1) 

where the hatted quantities are just normal matrices, T~ being among them (to be specified 
shortly) and the four-bracket is defined as 

1 



^, ^{[^1,^2], [As, A,]} - {[A,, A;], [A,, A,]} + {[A,, A,], [A^^A^]} 

(4.2) 

The fundamental identity (12.31) in terms of the four-bracket takes the forno 

[[A,B,C,T-],D,E,T-] + [C,[A,B,D,T-],E,T-] 

+ [C, D, [A, B, E, T~], T-] = [A, B, [C, D, E, T-],T-]. 

It is straightforward to see that the above four-bracket defines a non-associative structure 
over the algebra of matrices and the Trace over the matrices is the natural trace operation 
over this algebra. The Hermitian conjugation of the underlying algebra structure naturally 
extends to the four-bracket. If T~ is Hermitian it is immediate to see that (12.61) holds. As 
we will show for one of the only two possibilities for T~, T~ is Hermitian. 

In the rest of this section we show that the above proposal (14. ip . within the setup of 
the relaxed-three- algebras of previous section, works for the two currently recognized three- 
algebras, namely the so(4)-based algebras [13] and those coming with a Lorentzian signature 
metrics of [TBI [13 [IH]- In fact, within our working assumptions described below, these are 
the only two possible cases. 

From the definition it is directly seen that the four-bracket has the anti-symmetry prop- 
erty (12. 2p . Using the explicit definition (14. 2 p and standard matrix algebra, it is straightfor- 
ward to see that the "by-part integration" property (12. 5p is also satisfied. We are then left 
with verifying the (relaxed) closure and fundamental identities. 

4.1 The relaxed closure and fundamental identities 

All the elements we consider belong to a finite dimensional matrix representation of an un- 
derlying Lie-algebra Q. Q is an ordinary (classical) Lie-algebra defined through commutator 



^For other attempts to find matrix representations for quantized Nambu brackets see |24j . 
^For the ease of notation, wc wiU omit the hats A on any matrix A. It should be clear from the bracket 
under consideration the nature of the object under consideration. 



relations and ordinary structure constants. The three-bracket structure is, however, defined 
over a subset of Q. This subset has two parts: /C with the basis T", and JCs with the basis 
T^. K. contains the "physical fields" and /C5 the "spurious fields" (c/. discussions of sec- 
tion 3). We should emphasize that, although both /C and JCs are subsets of Q they are not 
necessarily sub- algebras of Q. 

The relaxed closure conditions (13.31) for three-algebras within our four-bracket structure 
are then written as 

[<l>i,$2,<l>3,T-]G/C©/Cs, V<l>, G/C, (4.4a) 

[<l>i,$2,x,T-], [<l>i,xi,X2,T-], [xi,X2,X3,T-]G/Cs V$, G /C, x. e /Cs . (4.4b) 

In fact we can view the above closure conditions as the definitions for the subsets /C and /C5 
in G- 

For the relaxed-three-algebras 7^.4.3 we demand a relaxed version of the fundamental 
identity (13.71) . Namely, we only demand the non-spurious part of the brackets in ^-4^ ) to 
satisfy the fundamental identity. 

Since T~ has a distinct role in our four-bracket construction, we must specify it separately. 
From the closure conditions (14. 4p and the definition of the four-bracket (14.21) it is evident 
that T~ is either in /C or JCs- To obtain a non-trivial interacting theory, T^ cannot be in 
JCs- This can be seen by recalling the trace conditions (13.11) on the spurious parts. Thus we 
take T~ to be in /C. 

To proceed we will choose T~ to be an element of /C, such that its anti- commutator 
with any element of /C and JCs is in the center of the underlying algebra Q, as our working 
assumptions. In terms of the basis T" and T^ this means that either T~ anticommutes with 
T° and T^, or its anti-commutator with them is the identity matrix: 

{T~,Tn = o, or |r-,Tn = i. 

. (4-5) 

{T-,T^} = 0. 

(Note that {T^,T^} = 1 case is not possible due to the trace condition (13.11) .) 

With the above choice it is evident that any linear combination of a given set of T"'s is 
also satisfying the above anti-commutator conditions. Therefore, within the set of T'^'s one 
can identify a single element whose anti-commutator with T~ is the identity matrix. We 
will denote this element by T+. As T^ G /C, T^ should then square to zero or to (1/2)1. 
Hence, given our working assumptions, there are two cases to consider for our four-bracket 
realization of the three-bracket: 

i) T~ = T"*", corresponding to 2(T~)^ = 1. 
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ii) (T Y = 0, corresponding to T"*" 7^ T and {T+, T } = 1. 

We will denote the elements in /C by {T"-} = {T+, T^,T'^}. Without loss of generality, 
one can always choose the basis such that 

{T±,T"} = 0, {T+,T-} = 1. (4.6) 

Note that while {T^,T^} can be non- vanishing, it is always traceless (c/. (13.11) ). 
We will choose the T" matrices to be hermitian, 

(T")t = T" , (4.7) 

therefore, the metric 

h"^ = TriT^'T^), 

is positive definite. Recalling (14. 6p . 

/i±" = Tr{T^T'^) = 0. (4.8) 

Thus, the T~ = T"*" case corresponds to a positive definite metric h""^ since 2(T^)^ = 1, 
and consequently h is positive. For this case T~ is Hermitian. On the other hand, the 
T^ 7^ T"*" case has Lorentzian signature. This is because {T~,T'^} = 1, and so h~~^ = h~^~ 
is positive definite and h = 0. Hence 

det hab = - det hap ■ {h^'f < 0. (4.9) 

As {T^Y = 0) fo^ the Lorentzian case T~ cannot be Hermitian. One can always find a linear 
combination of T+ and T^ for which both h and h'^^ vanish. Here we choose to work in 
such a basis. 

Equipped with the above we are now ready to examine the relaxed closure condition (14. 4p 
and the fundamental identity and check which algebras are satisfying the above requirements. 

4.1.1 The Euclidean signature case 

For this case the only non-vanishing "physical" four-bracket is of the form \T"' ,T^ ,T"' ,T~] 
which recalling (14. 5 p can be written as 

[T", T^, T^, T-] = F'^^^T- , (4.10) 

where F°'^'^ is the totally anti-symmetric three-form 

^a/37 _ ]_ (l^a^ ^y/3^ ^7]} + {2-7^ [2-«^ 2-/3] I + |2^/3^ [y7^ T^^jj) _ (4,n) 

11 



Note that by definition F°'^'^ is not necessarily in the algebra Q, but in general in its en- 
veloping algebra. 

The relaxed closure condition (14. 4p demands F'^^'^T~ G /C © fCs- Equivalently, 

[T", T^, T\ T-] = t^\T^ + g'^^^T- + k"^^^ aT^ (4.12) 

where /, g and k are expansion coefficients, anti-symmetric in a/37 indices. 

Multiplying both sides of (14.120 with T~ and taking trace of both sides implies that 
^a/37 _ g g^j^j heucc we only remain with f \ and k"'^'^ a terms. 

The relaxed fundamental identity fl3.7p then requires: 

raf^'y napX ^^ fCtPp cjaXS j^ raf^X flpo' flP^ rafia r 4 -. q\ 

/ a J 5 ~^ J a J 'T~ J a J 5 — J a J <5; K^-'-'^) 

Since /i°* is positive definite, it was proved in [15j that the unique solution to fl4.13p is 
given by 

and a, /3, 7, p = 1, 2, 3, 4. The explicit solution for this case, as has been discussed in [121 UE\ 
is 

T" = j7", T" = £5 (4.15) 

where JT"" and £5 are in general 2 J x 2 J representation of so(4), which are generalization of 
the ordinary 5*0(4) Dirac gamma matrices [25] O For J = 2 they reduce to 7" and 7^. (For 
an explicit matrix form and more detailed discussion see [T2ll25] .) Note that the size of the 
representation is not fixed by the above considerations. 

The above explicit representation for T"'s leads to k°'^'^ a = and hence for this case, 
the Euclidean case, the TZA^ is the same as the corresponding ordinary BL three-algebra. 

In summary, our four-bracket representation for the three-algebra and its three-bracket 
has all the needed properties of the three-bracket and the only solution to this case is the 
S'0(4)-based solutions discussed in [TH] . 

Finally it is notable that in this case the algebra Q which is the algebra generated from J" 
and £5 (and their commutators) is so(6) ~ su{4). Note, however, that the JT"^" = z[j7'",£5] 
are not the T^'s, as they do not satisfy the trace condition (13. ip and (13.2b ). 

4.1.2 The Lorentzian signature case 

There are two different non-vanishing four-brackets of "physical" elements to consider: 

[T", T^, T^, T-] = F°^TT- (4.16a) 

[T", T'^, T+, T-] = J [T°, T'^]T , (4.16b) 



^As mentioned in [Kl direct sums of an arbitrary so(4) algebras also leads to /"^T'' = ^"'P'^p, 
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where F"^''' is defined in (14.111) and 

T=[T+,r-]. (4.17) 

In deriving these expressions, we have used the fact that, by definition, T commutes with 
rpa Qji^ rpa-^ _ Qy Furthermore, from (T~)^ = and {T^,T^} = 1, one has 

T^ = -(1 - 2T+T")(1 - 2T"T+) = 1, (4.18a) 

TT- = -(1 - 2T^T-)T- = -T- . (4.18b) 

Let us analyze the (relaxed) closure conditions. First, requiring [T°, T^, T'', T~] G IC(BlCs 
implies that in the most general form 

where /, g, k and / are some unknown arbitrary expansion parameters which are totally 
anti-symmetric under exchange oi a, (3 and 7 indices. Multiplying both sides of (14.191) in 
T~ and taking the trace, noting that the left-hand-side vanishes identically, we learn that 
p/37 = 0. Noting that (T-)^ = and {T", F"^^} = then 

{T-, F'^^^T-} = 0, [T", F^^TT-] = 0, 

and therefore u 

T" [pP^i^T^ + k^^-z^T^) = 0. (4.20) 

The second relaxed closure requirement, [T°',T'^,T~^,T^] G /C © /C5 implies, 

[T°, T^, T+, T-] = ^/"^^T^ + r^T- + g'"^T+ + k^^f^ aT^ (4.21) 

where /"^^, Z"'^, 5'"'^, fc"^yi are some unknown coefficients to be determined later. Taking 
anti-commutator of both sides of (I4.2ip with T~ we learn that coefficient of T"*" is zero, 
gOiP _ g_ Multiplying both sides with T"*" and taking the trace (recall (14.161) ) the left hand 
side vanishes and therefore 1°"^ = 0. Commutator of both sides of (I4.2ip with T, leads to 
fc"^^[T, T^] = 0. On the other hand if we multiply both sides of (14.2 ip with T~ and then 
its commutator with T"*" we learn that A;°^yi(2T^ + [T, T^]) = and hence k"^ aT^ = 0. 

Using the above and in particular [T^jT^] = f^^^TT"', that TT~ = —T^ and that 
Tr{T°'T~) = one can show that trace of any number of T"'s with T~ is zero. This in 
particular implies that f'^l^"'\h^P = 0. h"^ is non-degenerate and invertible therefore, 

/"^^A = , (4.22) 



*Here we will assume working with the non-trivial case of T'^T ^ 0. 
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and (14 .2 op reduces to k'^'^^^T^T = and moreover we have 

{T+, F"^^T"} = -F"^^ T = g'^^'^ 1 + A;°^^a{T+, T^} . (4.23) 

After the above analysis in summary we remain with 

[T", T^, T"', T-] = F'^^^T- = g'^^-'T- + fc^^^^T^ (4.24a) 

[T", T^, T+, T'] = i [T", T^]T = /°^^T^ , (4.24b) 

Furthermore, using (12. 5p we learn that 

y.a/37 _ J"/3^/iP7 = _lTr(l)^"^T . (4.25) 

To complete our analysis and to determine the yet unknown coefficients k"^^"' a and /"'^^ 
we examine the relaxed fundamental identity. Let us first rewrite the identity for generic 
generators T": 

(4 2u ) 

I [T^C T-ld fT"'^ T""^ ^""6 ^~1 T"" — 1 \^^ T^^ \T^^ rpd rpe rji — "I T"""! 

~r [-^ 1 -'- 1 y-'- 1 -'- 1 -'- 1 -'- \physi ^ iphys [-^ 5 -^ j [-'- ; -^ ; -^ ; -^ Jp?tj/s; -^ Jphj/s; 



where T" = T'^^T^ or T+. For three choices of the {abcde) indices the above fundamental 
identity does not trivially hold, these cases are: 
i) (abcde) = {aP'jp+) implying 

r^^g'"" = r^g'^^" . (4.27) 

ii) (abcde) = (a + 7pA) implying 

r^g''" + r\g^^" + r\g^'" = 0. (4.28) 

Hi) {abcde) = (a + 7p+) implying 

r\rx + r\r\ + r.r\ = o. (4.29) 

Recalling (14.250 the only independent of the above equations is (I4.29p . 
Noting dUEb), (|42ID and that [T, T"] = 0, it is seen that 

[TT'^,TT^] = pl^^TT^, (4.30) 

therefore, recalling (I4.29p . TT°'^s are generators of a (classical) Lie-algebra which is a sub- 
algebra of Q, with the structure constants /"^^. We will denote this sub-algebra by 7i. 
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Given any classical Lie algebra 7i, the only remaining parameter in our brackets is k"^"^ a- 
As discussed 

k'^^^AT'^T- = , (4.31) 

which can only be satisfied if either k°'^'^A or T^T~ = 0. The first choice is not a possibility, 
because there is no classical Lie-algebra other than su{2) for which the totally anti-symmetric 
three tensor 

F"^^T = — {{TT'', [TTf^, TT^]} + {TT', [TT'', TTf^]} + {TT^, [TT^, TT""]}) , 

is proportional to the identity. |j So, we are forced to choose the other possibility, i.e. 

T^T- = ^ TT^ = -T^T = -T^. (4.32) 

We may solve the above as 

r^A ^ rjn-fA ^ fArj.- ^^ fA ^ |y+^ yA| ^ (^433^, 

where 

[T±,t^] = [T,f^] =0 . (4.34) 

In terms of T^, (I4.23P is written as 

- F"^^ T = g""^^ 1 + k'^^^AT^ ■ (4.35) 

To elaborate on the spurious sector and in particular the algebra of the T'^'s, we examine 
the relaxed closure condition for the brackets involving T^. As it is seen from (14.4b ) there 
are three such cases. For brackets of the form [T°, T*, T^, T~] when both a and b are a-type 
the bracket vanishes and the only non- vanishing case is when {ba) = (+a). After some 
algebra we find 

12 [T", T^, T+, T-] = [TT"", T^] = C^bT^ , (4.36) 

where the second equality is the statement of relaxed closure, with some unknown constants 
C. From the above we also have 

[TT'',f'^]=C''^Bf^ ■ (4.37) 

Consistency of the above equation implies that 

^aA^^f3B^ _ (jPA^(jaB^ ^ r^^C^^D ■ (4.38) 

Since T^T^ = 0, brackets involving two and three T'^'s identically vanish. Given the above 
information we now proceed to construct the underlying algebra Q. 



^We will return to the special case oiH = su{2) later in this section. 
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The algebra X constructed from T,T~^ and T : As discussed above f l4.17p . (14.181) 

[T, T-] = -2T-, [T+, T-] = T, {T+, T"} = 1. 
Thus, X will be identified once [T, T"''] is known. It is straightforward to show 

{[T,T+],T-} = 2-1, {[T,T+],T"} = 0, [[T,T+],T-]] = 2T, 

and hence [T°,T^, [T,T+],r^] = 12[r°, T^]T G /C. Therefore, [T,T+] is an element in /C, 
and since its anti-commutator with T^ equals 2 ■ 1, we conclude 

[T,T+] = +2T+. (4.39) 

This is also consistent with all other properties quoted above. As a consequence, one can 
show that (T+)2 = 0. 

To sum up, T, T"*" and T~ form the following algebra 

[T,T^] = ±2T^, [r+,T-] = T (4.40a) 

{T+,r"} = 1 {T~y = 0. (4.40b) 

Equations (14.40b ) fix the algebra to be 5^(2) while (14.40b ) fixes its representation to be 2 x 2 
matrices. An explicit solution to the above equations is 

T- = a- = ^{a'-ia^), T = a\ r+ = a+ = ^(a^ + za^), (4.41) 

where a* are the Pauli matrices. It is also noteworthy that (X^)^ = X~, X^ = X. 

Fixing the underlying algebra Q : The algebra Q is obtained by studying the closure of 
the commutators between the generators of its X and Ti sub-algebras as well as the algebra 
constructed from X'^'s, which will be denoted by Ti. With the above considerations (the 
commutator or) the algebra of X^'s will not be fixed. However, from (I4.37P and (I4.35P it 
is seen that Ti should contain 7i as a subalgebra. Moreover, in general Ti may be taken as 
the enveloping algebra of 7^, Env{7i), or depending on 7i, some particular subalgebra of 
Env{n). 

To complete our analysis it will be useful to give an explicit representation for the un- 
derlying algebra Q. Based on what we have discussed any element in Q, and in particular 
X", T^, X^ and X can be written as 

X± = 1 ® a^, X = 1 ® a^ 

(4.42) 
T" = t" O (T^ X^ = F ® a^ , 
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where t" and i^ are respectively generators of H and H, that is 

[t-, t/3] = /"/^^ t^ , [t", i^] = C"^B F . (4.43) 

As discussed neither of the algebras 7i and 7i nor their representations are fixed. However, 
as a general solution one may take li, = Env{7i) (up to an Abelian u{l) factor) in which 
case, if we choose to work with N x N representation of 7i the algebra Ti, independently of 
7i, will be su{N) and therefore Q = su{2N) (see, however, the comment below). A special 
case which is physically well-motivated is ?i = 7^. For this case Ti is necessarily fixed to be 
su{N) in its fundamental N x N representation. In this case 

0/37 ra/B-y 

where / are the structure constants of su{N). 

Before closing this section, three comments are in order: 

• For the very special case oi Ti = su{2) and in its fundamental 2x2 representation, 
it is readily seen that one can take k°'^"' a to be zero. In this case there is no need 
to introduce the spurious sector /C5. Nonetheless, for this case again the underlying 
algebra Q will be sm(4). 

• Although we usually consider 7i to be a simple Lie-algebra, it could also be a semi- 
simple algebra. The particular and interesting example of this case is 7i = so(4). 
(Note, however, that as discussed above this is not the Euclidean three-algebra.) In 
this case, if we work with the 4x4 representation of so(4) algebra then we can take 
Ti = so(4) X u{l) X u{l) in which case the two u{l) factors are generated by 7^ and 
the 4x4 identity matrix. With this choice the consistency relation (14.381) is obviously 
satisfied. The underlying algebra Q in this case is 8 x 8 representation of su{A) x s-u(4). 

• As we have discussed the underlying algebra in both of the (T~)^ = 1/2 and (T^)^ = 
cases can be (and indeed for the physically interesting ones is) an su{2N) algebra. The 
N = 2 case, related to the Q = sm(4), is very special because it is isomorphic to so{6). 
In this sense it may seem that for the Q = s-u(4) case there are two different (Euclidean 
and Lorentzian) solutions. But, it turns out that both of these solutions are indeed 
physically the same and they are related by a change of basis T"'s: take Ti = su{2) 
and choose T+ — T^ = 12® ia"^ as i'y^ and the four T"'s (the Dirac 7 matrices) to be 
2T° = a" (g) a^ a = 1, 2, 3 and T+ + T" = I2 ® a^. One should, however, note that 
such a change of basis and taking the linear combination of generators as new "T~" 
does not generally work because the fundamental identity is not linear in T~. It is not 
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difficult to show, using direct examination of the fundamental identity, that it only 
works for 7i = su{2). As a related comment, we note that in the (T~)^ = 1/2 case T~ 
is hermitian and in the (T^)^ = it is not. As we have discussed the (T^)^ = case 
does not have a solution with hermitian T~. 

5 The alternative representation for the BLG theory 

After replacing the BLG three-algebras with the relaxed-three-algebras TZA^ and realizing 
the relaxed-three-brackets with the four-brackets of usual matrices, we are now ready to 
re-write the BL action in terms of usual matrices; the only thing we need to do is to replace 
the three-brackets of the BL action with the four-bracket and recall the definition of the 
trace. As discussed we take our gauge fields to have Ai ab and Ai aA components and define 
the covariant derivative of any element $ in /C © JCs as 

A$ = d,<^ - [T'',T\<I>,T~]A, ab - [T^,T'',<!>,T~]A, ,a ■ (5.1) 

As shown the spurious parts of the field $ as well as its covariant derivative do not appear 
in the action (as they drop out once we take the trace). Therefore, we can define a "physical 
gauge" in which $^ = and AiaA components are chosen such that u 

D,^ = {D^^Uys = di^^,hys - A, ,,[T^ T^ $, T-]pUys = {d^^d - F'^dA, ab<^c) T" . (5.2) 

Equivalently, the "physical gauge" is the one in which $, Z)j$ G /C. As discussed in the 
Lorentzian case, when we choose TT" to be Hermitian matrices, then T'^'s are not Hermitian. 
Therefore in the physical gauge, when T^ components are absent we can demand Hermiticity 

<l>t = $ , (A$)^ = A$ , (5.3) 

where $ are generic scalar fields of the theory. In fact we will be requiring the above 
conditions which also implies working with non-spurious parts of fields. Hereafter we will 
always be working in the above mentioned physical gauge (15.31) and unless it is necessary this 
point will not be mentioned explicitly. Therefore, in the physical gauge the A^ aA components 
do not appear and we only remain with Ai ab components of the gauge field. 

Next we focus on the Ai ab components. In general, Aab can have A_a and A^is com- 
ponents for the so(4)-based algebra and A±^, A±a and Aa/3 components for the Lorentzian 
algebras. However, as it is seen from the explicit form of the covariant derivative (15.11) and 



^Note that due to the possibihty of the presence of Ai aA components we have an extended notion of 
gauge symmetry which allows for choosing these components of the gauge fields. Since these components do 
not appear in the Chcrn-Simons part of the action, this gauge symmetry is of course a trivial symmetry of 
the corresponding BL action. 
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also the form of the twisted Chern-Simons action (12.131) . not all of the possible components 
of the gauge field appear in the action. For the so(4) based algebra it is only the aP compo- 
nent [11 [2], and for the Lorentzian case they are the +a and a/? components [HI [16]. With 
the above definition, hence the other components, i.e. A^a for the so(4)-based case and A±:^ 
and A_a for the Lorentzian case, are "gauge degrees of freedom" and may be chosen freely 
and for example can be set to zero. It is also seen that the T~ component of the $ G /C, for 
both the Euclidean and Lorentzian cases, is also a free field not interacting with the other 
components. 

5.1 Lagrangian in terms of Four-brackets 

From the discussions of previous section and our construction of three-brackets and the 
relaxed-three-algebras it is evident that if in the action ( ]2.12p we replace three-brackets with 
our prescribed four-brackets we will obtain a supersymmetric and gauge invariant action. For 
both cases, Euclidean and Lorentzian, the supersymmetry transformations and Lagrangian 
are alike. For completeness we only show the explicit form of the action, its equations of 
motion and supersymmetry and gauge transformations. 

The action 

S= fd^aTr --DiX^D'X^ -^[X^,X-^,X^,T-][X^,X-\X^,T-] 

+ -^YDi^ --[^.X^.X-^,T-]T^-^^ (5.4) 

+ ie- (a. .o,a. .t^ + ?A: ..A, .A. .AT', ^^ T', r-i) |r». r'. r^ t 

Equations of motion 

/ phys 

(d'^X' -'-T''[^>,X',m,T-] + ]-[X',X',[X\X',X'',T-],T-]\ =0 (5.5) 

V ^ ^ J phys 

\ / phys 

where F is appeared in (12.181) . 
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Supersymmetry transformations 

6^ = DiX^T^-i't - - [X\ X\ X^, T-]r^^^e (5.6) 

6 

5(A$) - Di{5^) = iej'T^[X^, ^, $, T-], V<l> 

where it is understood that we are only considering the physical parts of the fields. It 

is immediate to see that the action is invariant when we also include non-physical and 

spurious parts in the above supersymmetry transformations. Nonetheless, along the line of 

arguments of [2j one can show that the supersymmetry algebra (i.e. commutator of two 

successive supersymmetry transformations) does not close to a translation, up to gauge 

transformations. 

Gauge transformations 

We should emphasize that the following "gauge transformations" are the gauge symmetry 
remaining after fixing the physical gauge (15. 2p and (15. 3p . 

The Euclidean case 

5$, = e^'^\A,,$b , (5<l>_=0 

(5.7) 
6Ai ab = diAab - e''^\aAb]cAi de, a, b,c,d= 1, 2, 3, 4 . 

The Lorentzian case 

5$+ = r^^Kp% (5.8) 

(5<l>_ = 

(5.9) 

In the Lorentzian case the Greek indices are ranging from 1, ■ ■ ■ , dimTi and correspond to 
Ti indices. 

5.2 On the physical interpretation of the Lorentzian case 

As has been discussed in the literature the so(4)-based theories describe (the low energy limit 
of) two M2-branes on an orbifold [2^ [27] . The physical interpretation of the Lorenztian case, 
however, is less clear. In the usual treatment all the components of the scalars X^ , including 
X^ and X~ are taken to be real and hence the negative signature in the metric hab means 
that one combination of X+ and X~ has negative eigenvalue, in other words, we have ghosts. 
Existence of ghosts which couple to the other fields endangers the unitarity of the theory. 
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Our treatment of the three-algebras, however, sheds hght on the unitarity or ghost problem 
of the Lorentzian case. 

As shown in section 3, the negative eigenvalue of the metric is indeed a reflection of 
the way we realize the three-brackets and the way T^ are embedded in the underlying Q 
algebra. Therefore, in contrast to the usual treatment in our description, while the scalar 
field X^ = X^gT"- is still Hermitian X"*" and X~ are not, explicitly 

{xy = x' ^ {xlY = xL . (5.10) 

With the above it is immediate to see that we do not have the negative kinetic term, or ghost 
problem. Nonetheless, the unitarity problem shows up in some other place: the interaction 
terms in the Hamiltonian only involve X^ (and not X!_) and hence the Hamiltonian in our 
description is not Hermitian. 

To resolve the problem we recall the gauge symmetry of our Lagrangian and the fact that 
X^ components are not gauge invariant (15.81) and hence are not directly physical observables. 
This opens up the possibility that this non-Hermiticity can be an artifact of the gauge 
symmetry and the physical theory is indeed Hermitian and unitary. In what follows we 
argue that there is a gauge, the Hermitian gauge, in which the Hamiltonian is explicitly 
Hermitian, resolving the problem with unitarity. 

5.2.1 The Hermitian gauge 

As is seen from (15. 8 p the gauge transformations are parameterized through two sets of gauge 
parameters A+q and A^,^, each having diniH number of parameters. Moreover, Xl_ only 
transforms under the A^/j-type gauge transformations while is invariant under the A+Q-type 
transformations. 

On the other hand, the Hamiltonian becomes Hermitian only if X]^ and X[_ are equal up 
to a sign, that is when X^^ is real or pure imaginary. Therefore, if we fix the A^^-gauge such 
that 

xi = ±xl 

the Hamiltonian becomes Hermitian. To fix the sign choice in the above gauge fixing ex- 
pression we choose the gauge such that the positivity of the Hamiltonian (the potential) 
is ensured. It is straightforward to check that this is fulfilled with the negative sign. The 
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appropriate Hermitian- gauge fixing condition is then i\ 

X^, +XL = . (5.11) 

One should note that the above gauge fixing condition only partially fixes the A^^ gauge 
symmetryO Besides the Hermiticity problem of the Hamiltonian, the above gauge also 
removes half of the degrees of freedom in X^. Hereafter, we will work in the Hermitian 
gauge and define 

Y^^-'-{Xi-XL) = -^Xi. (5.12) 

After fixing the A^^-type gauge transformations, we only remain with A+q,. For this 
restricted gauge symmetry the gauge transformations are 

6 A, +, = dA+a + 2f\A+^ A, +p (5.13) 

5Ai afS = —f'^[aAj3]j^ Ai p^. 

After the following renaming 



\ A- -^ 



A-cj = -A+Q , Ai a = -Ai +a , Bi ^ = f^z^Ai af3, (5-14) 



the above gauge transformations take the familiar form of standard gauge transformations 
for the algebra H with Ai as the gauge field and the two "matter fields" $„ and Bi „ in the 
adjoint (and anti-adjoint) representations: 

6<^ = [A,<I>] , 

6Bi = ~[A,B4 , (5.15) 

6Ai = DiA = d,A-[A,Ai] 

where 

([A,$])„ = /^\A^$,. 

It is evident that Y^ are singlets and does not transform under the above gauge trans- 
formations of the 7i algebra. As we see after fixing the Hermitian gauge the proposed 
D = 3, A/" = 8 action (15.41) written in terms of hatted fields and Y^ (15.121) exhibits a 
standard 7i invariance (with the gauge transformations (15.151) ). 



^To fix the gauge condition (|5.1ip we in fact need at least eight gauge parameters. Therefore, our 
arguments works for dimH > 8. As will become clear in the next subsection the appropriate TL for N 
M2-branes is su{N), this corresponds to N > 3. For the special case of iV = 2, which as discussed in the end 
of section 4 is equivalent to the so(4)-based algebras with an appropriate change of basis, one can explicitly 
show that in this specific gauge the two Lorenztian and Euclidean descriptions are indeed identical, of course 
once an su{2) part of the so(4) gauge symmetry of the latter case is also fixed. 

^Noting the comments in footnote 5, only for A^ = 3 these gauge transformations can be completely fixed 
by dm]). 
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5.3 Connection to multi M2-brane theory, the parity invariance 

The proposed BL D = 3, J\f = 8 theory is expected to be related to theory of multiple M2- 
branes in an eleven dimensional flat space background. As such, one then expects that this 
theory should have the same form for a system of M2-branes and anti-M2 branes. From the 
worldvolume theory viewpoint M2-branes and anti M2-branes are related by the worldvolume 
parity and hence the proposed BL theory should be parity invariant [TU [T71 [28] . In terms of 
our four-bracket and the algebra Q, the parity invariance is respected if the parity is defined 
as 

(a*^, 0"^ and cr^ are M2-brane worldvolume coordinates) while X^ behave as scalars under 
parity, ^ as a, 3d fermion, and A^ as a 3d vector. That is, under parity 

X — >■ X , X I -^ ~X< , 

(5.17) 

(Ao, Ai, A2) a(3 -^ (Ao, Ai, -A2) a(3 , (^0, ^1, M) +„ ^ (-Ao, -Ai, A2) +„ . 

As we see the parity ( 15.16^ is an automorphism on the algebra Q as well as its subset /C over 
which the four-bracket closes (in the relaxed closure sense). More precisely, under the above 
parity the Ti & Q is invariant, while on the su{2) G ^ it acts as an automorphism. 

It is also immediate to check that with (I5.17P the action (15.41) is parity invariant. More- 
over, the Hermitian gauge (15.111) is preserved under parity. This is a necessary condition to 
have a consistent (Hermitian) multi M2-brane theory. 

So far, for the Lorentzian case we have not identified the algebra 7i and the underlying 
algebra Q. In the next section we will argue that the choice 7i = su{N), Q = su{2N) 
corresponds to the low energy limit of N M2-branes. 

5.4 Analysis of 1/2 BPS states 

To relate the above "gauge fixed relaxed BLG model" to the theory of multiple M2-branes, 
we need to specify the algebra 7i and relate that to the number of M2-branes N. This can be 
done by studying the half BPS configurations of the model, the moduli space of which should 
be identified with the moduli space of N membranes in eleven dimensional flat background, 
which is R^^/Sn. 

The half BPS sector is the one for which the right-hand-side of supersymmetry trans- 
formations (15.61) vanishes for any arbitrary supersymmetry transformation parameter e. In 
order 6X^ and 6Aiab to vanish we need to turn off the fermionic field \I'. We are then left 
with the fermionic transformation which has two terms. These terms come with different 
matrix structure in so(2, 1) and so(8) gamma-matrices. Therefore, for (5\E' to vanish for any 
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e each term should vanish independently, i.e. 

D,X^ = , (5.18a) 

[X^X■^,X^T-U,, = 0. (5.18b) 

Recalling the equations of motion (15. 5p . demanding vanishing of (15.18b ). the field strength 
of the gauge field vanishes and one can always work in a gauge in which Ai = 0, and hence 
(15.51) implies that diX^ = In other words 1/2 BPS membranes must be flat membranes 
with worldvolume M^'^. We are then left with (15.18b ) which recalling the definition of the 
four-bracket, is satisfied if and only if 

[X-^,X-^] = 0. (5.19) 

Note that since we are working in the "physical Hermitian gauge" X' in the above equation 
have components only along the T" directions. Therefore, (15.191) is only satisfied when 
X^ are in Cartan subalgebra of Ti and that the number of such possible X^ matrices is 
rank{T-C) — 1. (Note that we have already taken out the "center of mass" degree of freedom 
in X^.) Noting that X^ are basically related to the position of M2-branes, this means that 
number of M2-branes N minus one is to be taken as rank of 7i. 

As discussed in [161 113 (see also [T8l|) another test for the theory of multi M2-branes is 
that upon "compactification" it should reproduce theory of multi D2-branes. This together 
with the above discussions fixes Ti = Ti = su{N) in its fundamental N x N representation 
as the theory of N membranes and hence the underlying algebra Q = su{2N). With this 
choice it is evident that the moduli space of solutions to (15.191) is the desired R^'^ /Sn- 

Let us discuss some low-lying X's in more detail. The N = 1 corresponds to a single M2- 
brane. In this case the fields are 2x2 matrices and therefore all the four-brackets vanish. 
In this case, as expected, we are dealing with a non-interacting free theory and the only 
remaining degree of freedom are Y^ (and their fermionic counterparts). This is suggesting 
that Y^ should correspond to the center of mass degree of freedom in the X > 1 casesc 

The next case is X = 2 corresponding to two M2-brane system which has X^ fields in 
the adjoint of su{2) plus the Y^^s which are su{2) singlets. Here we are dealing with 4x4 
representation of sm(4). As discussed this case also makes connection with the so(4)-based 
algebras which have also been discussed to correspond to the two M2-brane dynamics. To 



^It is worth noting that under parity Y^ -^ —Y^ and hence the parity transformation we have introduced 
here besides changing an M2-brane to an anti M2, also acts as a parity on the target space directions trans- 
verse to the brane. In the static gauge for the M2-brane, this means that under our parity we are essentially 
changing sign on nine space coordinates of the eleven dimensional background. This transformation is also 
a symmetry of the eleven dimensional supergravity and expected to be symmetry of the M2-brane theory 
too. 
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argue for the claim that Y^ are the center of mass coordinates one should show that they 
decouple from the dynamics. The first steps toward this end has been taken in [20l [21], 
further arguments in support of this is postponed to future works [29]. Once this claim is 
established for N = 2, the same argument can then be generalized to a generic A^. 

6 Discussion and Outlook 

In this work we have studied the structure of three-algebras which appear in connection 
with formulation oi D = 3, N" = 8 theories. These algebras are also thought to be 
relevant to the quantization of Nambu three-brackets and hence quantized (multi) M2-brane 
theories. We explored formulation of the idea that the non-associative three-algebras and 
their representations can be expressed in terms of inherently associative classical Lie-algebras 
(and their matrix representations), by introducing the "non-associative bracket structure" 
on these algebras; we denoted the underlying associative matrix algebra by Q. We argued 
that to keep the essential properties of the non-associative three-brackets, when expressed in 
terms of matrices, we need to replace the three-bracket with a four-bracket which is defined as 
the totally anti-symmetric product of matrices appearing in the bracket. In this procedure, 
we then need to introduce a given extra matrix, which was called T~ , when moving from a 
three-bracket to a four-bracket. (T~ is of course an element in Q.) 

With the working assumption that T~ should anti-commute with all the elements of the 
"three-algebra", we examined the necessary closure and fundamental identity. As argued, 
however, one can still have the notion of physically interesting three-algebras if we relax 
both the fundamental identity and closure conditions in a very particular way. This was 
done by demanding the closure of the brackets up to the spurious parts of the elements of 
the algebra. In other words, any element has a physical as well as a spurious part and only 
bracket of physical parts of the elements lead to a physical element, and the physical part of 
brackets satisfy the fundamental identity. With this extended, generalized or relaxed notion 
of fundamental identity and the closure we hence defined the relaxed-three- algebras TZA^. 

As we showed the above definition of relaxed-three-algebras is still restrictive enough 
to fix the possible underlying algebra Q and its representations. We showed that within 
our working assumptions only two cases are possible, one corresponding to the case with 
positive definite metric on the relaxed-three-algebra, the Euclidean case, and the other with 
a Lorentzian metric on that algebra. We should emphasize that in our analysis we did 
not assume anything about the signature of the metric and this condition appeared as the 
consistency condition within our setting. Moreover, as discussed there is nothing inherently 
Lorentzian in the underlying algebra Q and the Lorentzian signature is as an artifact of the 
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choice of the set of generators of Q which appear in the four-brackets. This is the resolution 
to the problem of the negative kinetic energy states (ghosts) in the usual treatment of the 
Lorentzian BL theory [20l EH [22]. For the Euclidean case, using the results of \T5\, we 
concluded that there is only one possibility which was called the "so(4)-based" algebras for 
which the underlying algebra is su{A). For the Lorenzian case, however, we showed that 
there remains a freedom in choosing the algebra which was then fixed once the setting of 
relaxed-three-algebras was employed in the multi M2-brane theory. As argued the Euclidean 
case can be formulated without the spurious parts for elements, whereas spurious parts are 
necessary for the Lorentzian case. 

In the corresponding physical model the spurious parts of the fields do not appear at all 
and the Hilbert space of physical states is hence defined by modding out the total Hilbert 
space by the spurious parts. As discussed in the specific physical model of multi M2-branes 
the spurious parts are reminiscent of usually overlooked gauge symmetries. This spurious 
parts are very similar to the same concept in the context of 2d CFT's and in string theory 
|23j . Exploring and understanding these symmetries seems to be an important clue to better 
understanding of, and resolution to, one of the fundamental open issues in the Bagger- 
Lambert multi M2-brane theory for more than two M2-branes. 

Analyzing the moduli space of 1/2 BPS states of the new realization of the BL-theory 
in terms of four-brackets, we argued that in order this moduli space to be the same as what 
is expected from A^ M2-branes in flat 11 dimensional background, the underlying algebra Q 
must be taken su{2N) and the physical fields and states must be labeled by physical N x N 
representation of su{N). 

It is desirable to find a more intuitive picture for the role of the su{2N) underlying algebra 
and the su{N) Ti algebra, as we have for multiple (coincident) D-brane where the degrees of 
freedom corresponding to open string attached to and stretched between parallel D-branes 
leads to the su{N) structure [30]. Note that to get the su{N) structure we should remember 
that open strings stretched between D-branes come in two opposite orientations each of 
which includes a massless (vector) state when two D-branes become coincident. For the 
case of M2-branes, similar to the D-brane case, we have open M2-branes stretched between 
two M2-branes. Although we do not know spectrum of open M2-branes as well as we want 
to, it is expected that there are massless states in the coincident M2-brane limit. Again 
similarly to the stretched open string case, there are open M2 and anti-M2 branes. Recalling 
that M2-branes are two dimensional (to be compared with one dimensional strings), for 
the case of membranes there are two options to get an anti-M2 brane for a given M2; the 
M2-brane and anti-M2-brane are related by parity on the worldvolume of the brane. This 
is suggestive that when we consider the four possible open M2 and anti-M2 branes (two 
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M2-brane in which orientation on both directions have changed with respect to each other 
and two respective anti-M2-branes which are related by worldvolume parity to the two M2- 
brane cases) we are over-counting the degrees of freedom and this should be mod out by the 
worldvolume parity. In other words, the reduction from su{2N) to su{N) which labels N 
M2-brane fluctuations could be done through worldvolume parity. As argued the parity on 
the M2-brane worldvolume is acting as an automorphism of this su{2N) algebra and keeps 
the su{N) labels of the physical states/fields invariant. It would be very interesting to make 
the above picture more precise and concrete |29j . 

As discussed the ghost problem of the Lorentzian three-algebras in our setup manifested 
itself in our setup as non-hermiticty of the Hamiltonian before the gauge fixing and can be 
removed once we fix the Hermitian gauge. This resolution which is in accord with proposal 
in [201 [21], however, requires identifying the mode, which we called Y^ as the center of mass 
degree of freedom of M2-brane system. The problem which is still remaining in this direction 
is establishing the fact that the center of mass degree of freedom is indeed decoupled. Once 
this problem is settled, our setup which is based on usual matrices provides the needed tools 
to make further analysis of the D = 3, A/" = 8 or the multi-M2-brane theory. 

Acknowledgements 

M.M.Sh-J. would like to thank Sadik Deger and Henning Samtleben for fruitful discussions. 
J.S. would like to thank the IPM in Tehran for hospitality during the early stages of this 
project. 

References 

[1] J. Bagger and N. Lambert, "Modeling multiple M2's," Phys. Rev. D 75 (2007) 045020 
[arXiv:hep-th/0611108j . 

[2] J. Bagger and N. Lambert, "Gauge Symmetry and Supersymmetry of Multiple M2- 
Branes," Phys. Rev. D 77 (2008) 065008 |arXiv:0711.0955l [hep-th]]. 

[3] A. Gustavsson, "Algebraic structures on parallel M2-branes." larXiv:0709. 12601 [hep-th]. 

[4] A. Gustavsson, "Selfdual strings and loop space Nahm equations," larXiv:0802.3456l 
[hep-th] . 

[5] J. H. Schwarz, "Superconformal Chern-Simons theories," JHEP 0411, 078 (2004) 
|arXiv:hep-th/0411077i . 



27 



[6] J. M. Maldacena, "The large N limit of superconformal field theories and supergrav- 
ity," Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] 
|arX iv:hep-th/97112 00]. 

[7] J. Hoppe, "On M-Algebras, the Quantisation of Nambu-Mechanics, and Volume Pre- 
serving Diffeomorphisms," Helv. Phys. Acta 70, 302 (1997) [ arXiv:hep-th79602020] . 

H. Awata, M. Li, D. Minic and T. Yoneya, "On the quantization of Nambu brackets," 
JHEP 0102 (2001) 013 |arXiv:hep-th/9906248| . 

[8] C K. Zachos, "Membranes and consistent quantization of Nambu dynamics," 
Phys. Lett. B 570, 82 (2003) [arXiv:hep-th/0306222] . T. Curtright and C. K. Za- 
chos, "Quantizing Dirac and Nambu brackets," AIP Conf. Proc. 672, 165 (2003) 
|arXiv:hep-th/0303088]; "Classical and quantum Nambu mechanics," Phys. Rev. D 



68, 085001 (2003) |:arXiv:hep-th/0212267| ; "Branes, strings, and odd quantum Nambu 



brackets," arXiv:hep-th/0312048 



[9] J. M. Isidro and P. Fernandez de Codoba, "Quantum dynamics on the worldvolume 
from classical su(n) cohomology," larXiv:0804. IO6O1 [hep-th] and references therein. 

[10] Y. Nambu, "Generahzed Hamiltonian dynamics," Phys. Rev. D 7 (1973) 2405. 

[11] L. Takhtajan, "On Foundation Of The Generalized Nambu Mechanics (Second Ver- 
sion)," Commun. Math. Phys. 160, 295 (1994) |arXiv:hep-th/9301111| . 

M. Axenides and E. Floratos, "Euler top dynamics of Nambu-Goto p-branes," JHEP 
0703, 093 (2007) |arXiv:hep-th/06080i7] . 

[12] M. M. Sheikh- Jabbari, "Tiny graviton matrix theory: DLCQ of IIB plane-wave string 
theory, a conjecture," JHEP 0409, 017 (2004) [arXiv:hep-th/0406214| . 

[13] J. Bagger and N. Lambert, "Three-Algebras and N=6 Chern-Simons Gauge Theories," 
larXiv:0807.0T63l [hep-th]. 

S. Cherkis and C. Saemann, "Multiple M2-branes and Generalized 3-Lie algebras," 
larXiv:0807.0808 [hep-th]. 

[14] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, "N = 8 Superconformal Chern-Simons 
Theories," larXiv:0803.3242l [hep-th]. 

[15] G. Papadopoulos, "M2-branes, 3-Lie Algebras and Plucker relations," 'a rXiv:0804. 26621 
[hep-th]. 



28 



J. p. Gauntlett and J. B. Gutowski, "Constraining Maximally Supersymmetric Mem- 
brane Actions," larXiv:0804.3078l [hep-tli]. 

[16] J. Goniis, G. Milanesi and J. G. Russo, "Bagger-Lambert Theory for General Lie Alge- 
bras," larXiv:0805.10T^ [hep-tli]. 

P. M. Ho, Y. Imamura and Y. Matsuo, "M2 to D2 revisited," larXiv: 0805 .12021 [hep-th]. 

[17] S. Benvenuti, D. Rodriguez- Gomez, E. Tonni and H. Verlinde, "N=8 superconformal 
gauge theories and M2 branes," larXiv:0805.1087l [hep-th]. 

[18] S. Mukhi and C. Papageorgakis, "M2 to D2." llarXiv:0803.3218l [hep-th]. 

U. Gran, B. E. W. Nilsson and C. Petersson, "On relating multiple M2 and D2-branes," 
larXiv:0804. 17841 [hep-th]. 

[19] J. Figueroa-O'Farrill, P. de Medeiros and E. Mendez-Escobar, "Lorentzian Lie 3- 
algebras and their Bagger-Lambert moduli space," larXiv:0805.4363 ' [hep-th]; "Metric 
Lie 3-algebras in Bagger-Lambert theory," larXiv:0806. 32421 [hep-th] . 

[20] S. Cecotti and A. Sen, "Coulomb Branch of the Lorentzian Three Algebra Theory," 
larXiv:0806. 19901 [hep-th]. 

[21] S. Banerjee and A. Sen, "Interpreting the M2-brane Action," larXiv:0805. 39301 [hep-th]. 

[22] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, "Ghost-Free Superconformal Action 
for Multiple M2-Branes," larXiv:0806.0 054 [hep-th]. 

J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk and H. Verlinde, "The Supercon- 
formal Gauge Theory on M2-Branes," arXiv:0806.073 8 [hep-th]. 

B. Ezhuthachan, S. Mukhi and C. Papageorgakis, "D2 to D2." larXiv:0806. 16391 [hep-th]. 

[23] J. Polchinski, ''String Theory" , Vol. I, section 4, Cambridge University Press, 1998. 

[24] C. Sochichiu, "On Nambu-Lie 3-algebra representations," larXiv: 0806.3520 [hep-th]. 

[25] M. M. Sheikh- Jabbari and M. Torabian, "Classification of all 1/2 BPS solutions of the 
tiny graviton matrix theory," JHEP 0504, 001 (2005) |arXiv:hep-th/0501001j . 

[26] N. Lambert and D. Tong, "Membranes on an Orbifold," larXiv:0804.Tn4l [hep-th]. 

[27] J. Distler, S. Mukhi, C. Papageorgakis and M. Van Raamsdonk, "M2-branes on M- 
folds," larXiv:0804.1256 ' [hep-th]. 



29 



[28] J. Bagger and N. Lambert, "Comments On Multiple M2-branes," JHEP 0802 (2008) 
105 [ arXiv:0712.3738l [hep-tli]]. 

[29] M. Ali-Akbari, M.M. Sheikh- Jabbari, J. Simon, Work in progress. 

[30] E. Witten, "Bound states of strings and p-branes," Nucl. Phys. B 460, 335 (1996) 
|arXiv:hep-th/9510135] . 



30 



